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The issue of imaginary phonon modes predicted by first-principles calculations for high-temperature
structures of most materials has been a longstanding problem for decades. We propose that the
observed high-temperature structures are actually dynamic averages of related low-temperature
structures. This theory is used to predict the phonon dispersions of cubic SrTiO3. The calculated
phonon dispersions for the cubic phase, using the force constants calculated from the tetragonal
phases, are found to be in remarkably good agreement with existing neutron data, without exhibiting
any imaginary phonon modes. © 2010 American Institute of Physics. �doi:10.1063/1.3505338�

With advances in computer technology and software,
density functional theory can now predict electron and pho-
non properties for many classes of materials, including
simple metals, transition metals, intermetallics, semiconduc-
tors, hydrides, and Earth materials with exceptional
accuracy.1–5 However, it is mostly limited to ground state
crystal structures as imaginary phonon modes are often pre-
dicted for their high-temperature structures, in disagreement
with measurements where phonon frequencies are always
real. For example, the well-defined �2 phonon dispersion has
been measured for SrTiO3 along the ��1 /2��1 /2��� �i.e.,
M-R� direction at temperatures across the 105 K tetragonal-
cubic phase transition by Stirling.6 However, current theoret-
ical calculations7–9 of cubic SrTiO3 lead to imaginary pho-
non frequencies for this dispersion. This suggests a
fundamental flaw in the current understanding of SrTiO3, as
well as other materials where imaginary phonon modes are
predicted for the high-temperature structure, such as
La2CuO4-based superconductors10 and LaMnO3-based colos-
sal magnetoresistance manganites.11

In this work, we describe a scheme to calculate the pho-
non frequencies of cubic SrTiO3 using the force constants
obtained from tetragonal SrTiO3. The present work was mo-
tivated by two observations: �i� the similarity of the mea-
sured phonon spectra6,12–14 between the cubic and tetragonal
phases and �ii� the first-principles lattice dynamics
prediction7–9 of numerous imaginary phonon modes in the
cubic phase, in disagreement with the measured real phonon
frequencies. We demonstrate the scheme by comparing our
predictions with the experimental phonon dispersions and
those conventionally calculated using the ideal cubic struc-
ture and the tetragonal structure.

We have employed the supercell method to calculate the
phonon frequency. Since SrTiO3 is a polar insulator, we first
consider long range dipole-dipole interactions which result in
the well-known LO-TO splitting �splitting between longitu-
dinal and transverse optical phonon frequencies�.15 As de-
scribed in our recent work,5 we calculate the real-space force
constants as follows:

���
jk �M,P� = ���

jk �M,P� + ���
jk , �1�

where ���
jk is the interaction force constants between atom j

in the primitive cell M and atom k in the primitive cell P,
���

jk the cumulative contribution from short range interac-
tions defined by Parliński et al.,3 and ���

jk the contribution
from long range interactions due to dipole-dipole effects. We
find that ���

jk can be explicitly expressed as follows:
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where N is the number of primitive unit cells in the supercell
and V is the volume of the primitive unit cell, q the wave
vector, � and � the Cartesian axes, Z� �j� the Born effective
charge tensor of the jth atom in the primitive unit cell, and �


the high frequency static dielectric tensor, i.e., the contribu-
tion to the dielectric permittivity tensor from the electronic

polarization.1 As a result, the dynamical matrix D̃��
jk �q� can

be calculated by the following Fourier transformation:16

D̃��
jk �q� =

1
�� j�k

1

N �
M,P

���
jk �M,P�

�exp�iq · �R�P� − R�M��	 , �3�

where � j is the atomic mass of the jth atom in the primitive
unit cell and R�P� is the position of the Pth primitive unit cell
in the supercell. Details of the physics concerning Eqs. �1�
and �2� are discussed in a previous publication.5 The present
work focuses on how to extend the method to include effects
of broken symmetry due to lattice distortions.

Equation �3� was originally derived to consider surface
effects.16 Otherwise, for a crystal possessing periodic trans-
lational symmetry, the summation over M can only result in
a prefactor N since the translational invariance makes ���

jk

depend on M and P only through the difference R=R�P�
−R�M�.1 For the present purpose of calculating the phonon
frequencies of the high-temperature cubic phase from the
force constants of the low-temperature tetragonal phase, we
propose to use the summation over M as an average in the
reciprocal space over the lattice distortion.a�Electronic mail: yuw3@psu.edu.
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For first-principles static calculations at 0 K, we em-
ployed the projector-augmented wave �PAW� method17,18

implemented in the Vienna ab initio simulation package
�VASP, version 5.2�. The exchange-correlation functional ac-
cording to Ceperley and Alder as parameterized by Perdew
and Zunger19 was employed in all calculations. For the cal-
culation of the static energies, we used the 
-centered k mesh
with over 8000 k points per atom and energy cutoff of 500
eV. For the calculation of Born effective charge tensor and
the high frequency static dielectric tensor, we employed the
linear-response theory implemented in VASP 5.2 by Gajdos et
al.20 and the same parameter settings as the static calcula-
tions. For the calculation of the phonon frequencies, the
force constants were calculated adopting the supercell ap-
proach implemented in VASP 5.2 using the energy cutoff of
400 eV, together with 3�3�3 k-mesh and 4a�4a�2c
160-atom supercells for both cubic SrTiO3 and tetragonal
SrTiO3.

A good summary of experimental phonon frequencies of
SrTiO3 �Refs. 6, 12, and 13� was given by Stirling6 for both
the high-temperature cubic phase �at 297 K� and the low-
temperature tetragonal phase �at 97 K�. In particular,
Stirling6 reported the temperature dependence of the lowest
branch along the M-R direction at 78, 118, 201, and 297 K.

In Fig. 1, we show the calculated and measured phonon
frequencies for SrTiO3. Three types of phonon calculations
are plotted: �i� a cubic calculation using the ideal cubic struc-
ture �i.e., restricting the strontium atom to the body center
and the oxygen atoms to the face centers�, �ii� a pseudocubic
calculation using the tetragonal shape of SrTiO3 but limiting
c /a to be ideal 1 /�2 while the internal positions of oxygen
atoms are allowed to fully relax, and �iii� a tetragonal calcu-
lation using the tetragonal structure in which the internal
positions of the strontium atom, the internal positions of the
oxygen atoms, and the lattice shape are all allowed to relax.
The results are compared with experiments in three ways: �i�
phonon frequencies from the cubic calculation vs. the mea-
sured phonon frequencies for the cubic phase at 297 K,6,12,14

�ii� phonon frequencies from the pseudocubic calculation
versus the measured phonon frequencies for the cubic phase
at 297 K,6,12,14 and �iii� phonon frequencies from the tetrag-
onal calculation vs. the measured phonon frequencies at 78
K,6 90 K,6 and 110 K �Ref. 13� which are around the
tetragonal-cubic phase transition temperature of 105 K.6

From Fig. 1�a�, the cubic calculation predicts many
imaginary phonon modes for SrTiO3 along the M-R direc-
tion. In comparison, we see no imaginary phonon frequen-
cies for the M-R dispersions from the pseudocubic calcula-
tion, as shown in Fig. 1�b�. In particular, the measured low
frequency branch along M-R direction �solid circles �red� in
Fig. 1� by Stirling6 is predicted rather well. Furthermore,
comparing Fig. 1�b� with Fig. 1�c�, the only difference be-
tween the cubic and tetragonal phases is that this low fre-
quency branch for the tetragonal phase along the M-R direc-
tion is slightly lower than that for the cubic phase.

In summary, we have addressed the longstanding
imaginary-phonon-mode issue in calculating phonon fre-
quencies for the high-temperature phase of a solid by intro-
ducing a scheme in which the phonon frequencies of a high-
temperature structure are computed using the force constants
calculated for related low-temperature structures. The appli-
cation of this scheme to SrTiO3 shows no imaginary phonon

modes and good agreement with experiments is obtained for
both the cubic high-temperature phase and the tetragonal
low-temperature phase. The present procedure is not limited
to tetragonal-cubic perovskite systems and can be used for
calculating other materials where imaginary phonon modes
are predicted for the high-temperature structure, such as
La2CuO4-based superconductors10 and LaMnO3-based colos-
sal magnetoresistance manganites.11
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FIG. 1. �Color online� Phonon dispersions of SrTiO3. �a� cubic calculation
�solid lines, see the text� together with the measured phonon frequencies
�symbols� for the cubic phase �Refs. 6, 12, and 14� �297 K�; �b� pseudocubic
calculation �solid lines, see the text� together with the measured phonon
frequencies �symbols� at 297 K �Refs. 6, 12, and 14�; and �c� tetragonal
calculation �solid lines, see the text� together with the measured phonon
frequencies �symbols� at 78 K �solid circles �red�� �Ref. 6�, 90 K �open
circles� �Ref. 6�, and 110 K �solid triangles� �Ref. 13�.
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